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1. Given a positive integer N, for all integers in range between 1 and N (both inclusive), find
number having maximal (among numbers in the range) quantity of divisors.

2. Given positive integers N and K (K> 2), for integers in range between 1 and N (both
inclusive), but excluding multiples of K, find number having maximal (among the said numbers)
quantity of divisors.

Results and conclusion. After introducing definitions “pair (v, 1(v)) is non-dominated under
constraints ... (Where ... is replaced with some constraints) iff it satisfies the constraints and there is
no satisfying the constraints pair (w, ty(w)) where w <v and t(w) > t(v)” and “S(N, j) is set of all pairs
(v, ©(v)), non-dominated under constraints v<N and factorization of v contains non-zero degrees for
po=2, p1=3, .., p;”, an inductive algorithm building S(N, 0), S(N, 1), ... is proposed and proved;
theoretical and practical estimate for such j* that S(N, j*) = S(N, j*+1) = ... = S(N, o) are proposed
and proved. Algorithm finding high composite numbers using S(N, 0), S(N, 1), ... is implemented.
Comparing this algorithm with same-goal algorithm from [6], new one found to be much faster to
build all highly-composite numbers in range 1..N, than algorithm from [6] to find maximal only.

Modification for task formulation 3 is based on introducing new series of sets R(N, j, K) which
are sets of all pairs (v, ©(v)), non-dominated under constraints v<N and factorization of v contains
non-zero degrees for p) =2, p; =3, ..., p;, and (what differs R(N, j, K) from S(N, j)) v can’t become
a multiple of K after multiplying with any product of any powers of p;+1, pj+2, .... Inductive algorithm
building S(N, 0), R(N, 0, K), S(N, 1), R(N, 0, K), ... is proposed and proved, theoretical and practical
estimate for finishing the process are proposed and proved. This algorithm solves problem in
formulation 3, consuming amounts of time and memory, comparable to algorithm for formulation 1.

Keywords: quantity of divisors, highly composite numbers, non-dominated pairs, ordered
dictionary data structure, map, lower _bound, upper bound.
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Beryn

Komnonentna 6a3za cydacHOi  MIKPOEJEKTPOHHOI MPOMHCIIOBOCTI, OCHOBOIO
GyHKIIOHYBaHHS  SIKOI €  BUKOPHMCTAHHS  IHTerpajbHMX  MIKpocxeM Ha  0asi
HaIIBIIPOBIIHUKOBUX KpUCTANIB (YUIIIB), CTPIMKO YAOCKOHATIOEThCS 1 yckianHseTbes [1].
P03BUTOK cyyacHUX €1EKTPOHHUX MPUCTPOIB CIIPSIMOBAHUIN Ha MIHIATIOPU3ALlI0 1 3SMEHILIEHHS
JHIMHUX PpO3MIpPIB  €JeMEeHTHOI 0a3u MIKpOEJIEKTPOHHUX KOMIIOHEHTIB. VY mpolieci
eKCIUTyaTalli BiI0yBa€eThCS Jerpajallis CKIaJ0BUX KOMIIOHEHT 1 B IIEBHUIM MOMEHT dacy Iie
MPU3BOAUTH 10 BUXOAY MpHUCTpolo 3 jaay [2]. TlomupenuMu npuyrHaMu BiAMOB y poOOTI
MIKpOETEKTPOHHHUX MPUCTPOIB € BUXIJ 3 JIATy €JIEMEHTIB Y MICIIX €JIEeKTPUYHOTO 3’ €qHAHHS
MIPOBIITHUKIB BHACIIZIOK YTBOPEHHsI TpiuHU abo mnop [3] 3a paxyHOK TepMoMIrparii,
eJIEKTpoMIrparlii, TepMOHANpyr Ta HIMUX ABUIL [4, 5]. 3MEHIIEHHS PO3MIPIB €IEKTPOHHUX
KOMIIOHEHT TMPHU3BOJAUTH JI0 3POCTAaHHS TYCTMHU CTPyMY 4epe3 OKpeMi €JIEeMEHTH 1
IHTeHCU]IKaIII0 MPOLECIB Jerpajaiii eleKTpUYHOro KOHTakTy [6]. Pazom 3 mum BuUMOru
II0JI0 HAJIMHOCTI eKCIulyaTalll eJeKTPOHHUX MPHUCTPOIB TAaKOX 3POCTalOTh. 3 OIJIALY Ha
KOHLEIIII0 MIHIaTIOpU3al[li eJIeMEHTHOI 0a3U Cy4yacHUX €JIEKTPOHHUX MPUCTPOIB PO3YMIHHS
3arajabHOI MOBEIIHKYA XapaKTEPUCTUK MPOLIECY BIIMOB €JIEKTPOHHUX CUCTEM IPH 3MEHILIEHH1
iX po3Mipy € aKTyaJlbHUM 1 BaXJIUBUM 3 MPUKIIAJHOT TOYKHU 30DY.

Metoro crarTi € po3poOKa KOMIT'IOTEPHOI MOJENl 1 CTAaTUCTUYHE JOCIIHKEHHS
MOBEAIHKM OCHOBHUX XapaKTEPUCTUK MPOIIECY BIIMOB Y 3aJIEKHOCTI Bl PO3MIPY CUCTEMHU.

Jig  gochaiypkeHHS  po3MIpHOro  e(eKTy  3AIMCHEHO  Cepilo  KOMIT IOTEPHUX
€KCIIEPUMEHTIB TPOIECY BIAMOBU MOJEIBHOI CHCTEMH 1 MPOBEACHO CTATUCTUYHUI aHaJI3
pO3MOJLIIB YaciB /10 BIIMOB JUIsl BCTAHOBJICHHSI XapaKTEPHHUX 3aJIEKHOCTEH OCHOBHUX
XapaKTEPUCTUK PO3MOAUIIB A1 MOACIBHUX CUCTEM PI3HOTO pO3MIpY.

Buknan ocHoBHOro marepiany

1. OcHOBHI NO/10:KeHHSI MO/eJli Ta MeTOAUKA eKCIIePUMEHTY

B ocHOBy KOMIT'IOTEpHOI MOJENI TMOKJIAJCHO aHai3 MOMJIMBOCTI MPOXOKEHHS
€JIEKTPUYHOTO CTPyMYy uepe3 JBOBUMIpHY cucrteMy posmipamu N * N By3niB y dopmi
KBa/IpaTHOI peiriTku. OCHOBHI MOJIOXKEHHS MOJIEIII:

— Kosxen By30s1 Mae 4 HallOIMKUIMX CYCIAIB.

— VY no4yaTKkoBOMY CTaH1 BC1 BY3JIM CUCTEMU 3aIIOBHEH1 €JIEMEHTaMH.

— CrpyMm Mo’e MPOTIKATH JIMIIE IPU HASBHOCTI €JIEMEHTIB Y IBOX CYCIAHIX By3Jax.

— Ha koxHiit iTepartii BUAaIsI€MO €JIE€MEHT 3 BUMAJAKOBO 0OPAHOTO By3Jia CHCTEMH.

— YacoM BiAMOBM BBa)XaTUMEMO BITHOIICHHS KUILKOCTI ITe€pallii J0 3arajbHOi KUIBKOCTI
BY3JIIB CHUCTEMHM, KOJM 3HUKA€ MPOBITHUN KiIacTep MDK JIIBOIO 1 MPaBOIO TPaHUISIMU
MOJIEJIBHOT CUCTEMH.

Ha ocHoBi onmcanoi Mojeni NpoBoAuiIacs cepis KOMIT IOTEPHUX €KCIIEPUMEHTIB 1 3a
pe3ynbraTaMu (OopMyBaBCsl PO3IMOALT YaciB A0 BIAMOB JUIsl MOJEJIBHOI CUCTEMH IEBHOIO
po3mipy N * N By3IiB.

PosrnsiHyra Mojzenb  eKkBiBaJ€eHTHA  3ajaul  MEpPKOJSILIl  BY3JiB.  YTBOpPEHHS
MEPKOJISIIIHHOTO KJIacTepa BY3JIIB BUAAJICHUX €JIIEMEHTIB MOJICIBHOI CUCTEMU BIANOBITATUME
qacy J10 BI]MOBH.

Ji1st KOMIT I0TEepHOT pearizaliii MoJesi mpoIecy BiaiMOB Oyji0 BUKOPUCTAHO CEPEIOBHIIE
nporpamyBaHHs Embarcadero Delphi 10.4 3 minensiero Community Edition.

2. Pe3yJbTaTn KOMII’IOTEPHOI0 MO/Ie/TIOBAHHA i iX aHaJI3

Ha pucynkax 1-8 mnpencraBieHi pe3ynbTaTd MPOBENEHHS cepii KOMII IOTEpHUX
€KCIEPUMEHTIB y BUIVISII PO3MOJUIIB YaciB 1O BIAMOB JUIsl MOJEJIBHUX CHCTEM pPI3HOTO
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po3mipy. s KOKHOTO po3Mipy MojaenbHOI cuctemu Oyno BukoHaHo 100000 momenbHUX
BunpoOyBanb. st aHamizy po3moAUIIB 4YaciB 70 BiAMOB OyJI0 BHKOPHCTaHO TaKi OCHOBHI
XapaKTEPUCTHKU:

— MaTeMaTH4YHE CIOJIBaHHs a00 cepe/lHE 3HAUYCHHS,

— cepedHe KBaJpaTU4HE BiaxwieHHd abo CraHIapTHE BIIXWIEHHS — XapaKTepusye
BIIXWJICHHS 3HAYE€Hb PO3IMOAUTY BiJl CEPEIHHOTO 3HAYCHHS;
— koedimienT acumerpii (Skewness) — XxapakTepu3ye CTYIMIHb acUMETPli PO3MOALTY

BIJIHOCHO CepeaHbhOro 3HaueHHs. [logaTHe 3HaueHHs KoedillieHTa acMMETpii BKa3zye Ha
PO3MOJIUT JIOBIIA YacTUHA SKOTO 3HAXOJMUTHCSA MPABOPYY BiJ CEPEIHHOTO 3HAYCHHS 1
HaBITaKH,

— koedimienT excuecy (Kurtosis) — xapakTepu3ye BIiTHOCHY TOCTPOTY PO3IOAUTY BITHOCHO
HOPMAaJIBHOTO pO3MoiTy. JlomaTHu# eKkciec XapakTepusye BITHOCHO TOCTPHI PO3IOILT.

Puc. 1. Po3moain 9aciB 0 BIIMOB 3a pe3yJbTaTaMi KOMIT IOTEPHOTO MOJICITIOBAHHS TS
cuctemu po3mipom N * N =4 * 4 gy3is.

Puc. 2. Po3moain 9aciB 0 BIZIMOB 3a pe3yJbTaTaMi KOMIT IOTEPHOTO MOJICITIOBAHHS JIJIs
cuctemu po3mipom N * N = 8 * § By3iiB.
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f(t)

w

Puc. 3. Po3moin yaciB 710 BiTMOB 32 pe3y/IbTaTaMH KOMIT FOTEPHOTO MOJICTIOBAHHS JUIS
cuctemu po3mipom N * N =16 * 16 By31iB.
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Puc. 4. Po3moin 4aciB 710 BiTMOB 32 pe3y/IbTaTaMH KOMIT FOTEPHOTO MOJICTIOBAHHS JUIS
cuctemu po3mipom N * N = 32 * 32 By3iB.
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Puc. 5. Po3moin gaciB 0 BiTMOB 32 pe3y/ibTaTaMH KOMIT FOTEPHOTO MOJICTIOBAHHS JUIS
cuctemu po3mipom N * N = 64 * 64 By3IiB.
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Puc. 6. Po3moin gaciB 0 BiTMOB 32 pe3y/IbTaTaMH KOMIT FOTEPHOTO MOJICTIOBAHHS JUIS
cuctemu po3mipom N * N = 128 * 128 By3:iB.
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Puc. 7. Po3moin 4aciB 0 BiIMOB 32 pe3y/IbTaTaMH KOMIT IOTEPHOTO MOJICTFOBAHHS JUIS
cuctemu po3mipom N * N =256 * 256 By3:iB.
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Puc. 8. Po3moin gaciB 70 BiTMOB 32 pe3y/IbTaTaMH KOMIT FOTEPHOT'O MOJICTFOBAHHS JUIS
cuctemu po3mipom N * N =512 * 512 By3iB.
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Ha pucynkax 9-12 mpencraBiieHO Jlorapu@MiuHI 3aJ€KHOCTI CEPEIHbOIO 3HAUYEHHS,
CTaHJIaPTHOTO BIIXWUJIEHHS, KOCQIIIEHTY acUMETpIi 1 Koe(illeHTYy eKCliecy pO3MOJiliB YaciB
70 BIIMOB BiJl pO3MIpY CUCTEMH. SIKIIIO MU MOKEMO NPEICTABUTH 3aJIEKHICTh MapaMmerpa
In(Y-Y0) Bin [n(f) y Burmami niHiIHHOT y =ax + b, TOo 1e Oyne O3HAYaTH CTEICHEBY
3aJIeKHICTh  BIANOBIZHOTO mapaMerpy Bix po3mipy. Jlorapudmiuni 3aexHOCTI IS
CepeHbOr0 3HAUEHHS, CTaHJAPTHOTO BIAXWUJIEHHS, KOCPIIEHTY acUMETpii MOKHA BBa)KaTu
ONMM3BKUMU /10 JIIHIKHUX, 10 TOBOPUTH PO CTEIEHEB1 3aJIeKHOCTI BIIOBIIHUX MapaMeTpiB
PO3MOAUTIB BiJl PO3MIPY CUCTEMHU.

3anexHIicTh KoediuieHTa ekcuecy (puc. 12) HAOMM3UTH MPOCTOIO (YHKIIOHAIHHOIO
3aJIEKHICTIO HE BIAJIOCH.

y=-1,6789x-0,5656
R?=0,9999

In (M- MO)
o o

AN
=

AN
%]

-14
In(N)

Puc. 9. 3anexHicts sorapudma pi3HUII cepeaHBOTO 3HAUYCHHSI PO3IOALTY Yacy 0 BIIMOBH Ta
foro acumnroTu4Horo 3HaueHHs 0,407225 Big norapudma po3mipy CUCTEMH.

-1 y =-0,559x- 1,3285
RZ = 0,998

In(N)

Puc. 10. 3anexunicts sorapudma pi3HUI CTAHIAPTHOTO BIAXUIICHHS PO3IMOALUTY Yacy 10
BIJIMOBM Ta HOTO acuMNTOTUYHOTO 3HaueHHA - 0,0035 Bix morapudma po3mipy CUCTEMHU.

54



Bicnux Yepracwvroeo nayionanvsnozo ynieepcumemy imeni boeoana Xmwenvrnuyvkoeo

o \ . )
y =-0,6992x-0,2159
\ R?=0,9898

In(N)

Puc. 11. 3anexuicts orapupma koedilieHTa acCUMeTpii po3NoILLY Yacy 10 BIAMOBH BiJ
norapudma po3Mipy CHCTEMHU.
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Puc. 12. 3anexnicts norapudma koediieHTa eKCciecy Bif Jiorapudma po3mipy CUCTEMHU.

BucHoBku
VY po60Ti CTBOPEHO BOBUMIPHY KOMIT FOTEPHY MOJIEIh ISl CUMYJISIIT MPOIeCy BiIMOB
y MIKpPOEIEKTPOHHUX cucTeMax. Ha ocHOBI po3poOieHoi Mojeni MPOBEASHO Cepito
KOMIT IOTEPHHUX €KCHEPUMEHTIB JUIsl aHaJII3y XapaKTEPUCTUK PO3IMOALIIB YaciB 10 BIAMOBHU y
3JICKHOCTI BiJl PO3MIPY MOJECIBHOT CHCTEMH.
OTpumaHo po3MipHUN €PEKT MPOIEeCy BiIMOB — XapaKTEPUCTHKU PO3IMOALIIB YaciB 110
B1JIMOB 3aJI€KaTh BiJl pO3MIPY CUCTEMHU:
— IpY 3MEHILIEHH1 pO3MIpY CUCTEMH CEpPEIHIN Yac 10 BIIMOBU MPUCTPOIO 3POCTAE.
— CTaHJapTHE BIIXWJEHHS PO3MOJUIY YaciB BIAMOB 3pOCTa€ IMPU 3MEHLICHHI PO3MIpY
CUCTEMH.
— KoeQII[IEHT acUMEeTpli PO3MOJALTY 4YaciB BiAMOB 3pOCTa€E MpU 3MEHILEHHI pPO3MIpY
CUCTEMH.
— BCTAHOBJICHO ITOKa3HMKOB1 3aJIE)KHOCTI CEpeAHbOr0 4Yacy J0 BIAMOBH, CTaHAAPTHOIO
BIIXUJICHHS Ta KOoe]illieHTa aCUMETpii pO3MOUTIB YaciB A0 BIIMOB Bijl PO3MIPY CUCTEMHU.
— KOeQIIIEHT eKClleCy 3MEHIIYEThCS IPU 3MEHILIEHH] PO3MIPY CUCTEMH.
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IMoasiku

CraTTIO0 HaNMCaHO 3TTHO 3 JAEPKOIIKETHOIO TeMOot0 «CHUHTYISIpHI pO3B S3KU PIBHIHB
MaTeMaTU4HOi (I3MKM B aHI30TPOINHHUX 1 HEOJHOPIAHMUX CEpelOBUIIAX, MOJETIOBAHHS
nporeciB audy3ii Ta abcopOiiin (Ne nepsxkaBHo1 peectparii 0119U100421).
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SIMULATION OF THE SIZE EFFECT IN THE PROCESS OF FAILURES OF
MICROELECTRONIC DEVICES ON THE BASIS OF THE APPROACH OF
PERCOLATION CLUSTER FORMATION

Summary. Introduction. A computer model was created and the failure process based on the
percolation cluster approach was studied. The indicator dependences of the average time to failure,
standard deviation and the asymmetry coefficient of time distributions to failures from the system size
are established.

The component base of the modern microelectronic industry, the basis of which is the use of
integrated circuits based on semiconductor crystals (chips), is rapidly improving and becoming more
complex. The development of modern electronic devices is aimed at miniaturization and reduction of
the linear dimensions of the element base of microelectronic components. During operation, there is a
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degradation of components and at some point in time it leads to device failure. Common causes of
failures in the operation of microelectronic devices are the failure of elements in the electrical
connection of conductors due to the formation of cracks or pores due to thermal migration,
electromigration, thermal stress and other phenomena. Reducing the size of electronic components
leads to an increase in current density through individual elements and intensification of the processes
of degradation of electrical contact. At the same time, the requirements for the reliability of electronic
devices are also growing. Given the concept of miniaturization of the element base of modern
electronic devices, understanding the general behavior of the characteristics of the failure process of
electronic systems while reducing their size is relevant and important from an applied point of view.

Purpose. The aim of the article is to develop a computer model and statistical study of the
behavior of the main characteristics of the failure process depending on the size of the system.

To study the size effect, a series of computer experiments of the model system failure process
was performed and a statistical analysis of time to failures distributions was performed to establish
the characteristic dependences of the main characteristics of distributions for model systems of
different sizes.

Results. The computer model is based on the analysis of the possibility of electric current
passing through a two-dimensional system the size of N * N sites in the form of a square lattice. The
main provisions of the model.:

—  Each site has 4 nearest neighbors.

— In the initial state, all sites of the system are filled with elements.

—  Current can only flow if there are elements in two adjacent sites.

— At each iteration, remove the element from a randomly selected system site.

—  The time to failure will be considered the ratio of the number of iterations to the total number of
system sites, when the leading cluster between the left and right boundaries of the model system
disappears.

Based on the described model, a series of computer experiments was performed and the results
formed the distribution of time to failure for a model system of a certain size N * N sites.

The considered model is equivalent to the problem of percolation of sites. The formation of a
percolation cluster of sites of deleted elements of the model system will correspond to the time to
failure.

Conclusion. A two-dimensional computer model was created to simulate the process of failures
in microelectronic systems. Based on the developed model, a series of computer experiments were
performed to analyze the characteristics of the distributions of time to failure depending on the size of
the model system.

The size effect of the failure process is obtained - the characteristics of time distributions to
failures depend on the size of the system:

—  As the system size decreases, the average time to device failure increases.

—  The standard deviation of the time to failure distribution increases as the system size decreases.

—  The time to failure distribution asymmetry coefficient (Skewness) increases with decreasing system
size.

—  The dependences of the average time to failure, standard deviation and the asymmetry coefficient
of time distributions to failures from the system size are established.

—  The Kurtosis of time to failure distribution decreases as the size of the system decreases.

Keywords: Size effect, Time to failure, Percolation cluster.
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