Cepis «Ilpuxnaona mamemamuxa. Ingpopmamuray

CEKUIA «ITPUKJTTAJHA MATEMATHUKA)>

UDK 532.517.4 GOLOVNYA Boris P.
Department of Informatics and Applied
PACS 02.60.-x, 02.60.Pn, 02.70.Wz Mathematics, The Bohdan Khmelnytsky

National University of Cherkasy, Ukraine
e-mail: BPGolovnya@gmail.com

ON CASCADE ENERGY TRANSFER IN TURBULENCE MODELING

Cascade energy transfer plays a very important role in all turbulent flows. Unfortunately, this
process is very difficult to model. This paper analyzes one of the possible causes of difficulties. It is
shown that the turbulence model proposed earlier by the author successfully copes with these
difficulties.
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1. The importance of cascade transfer

Almost all modern models of turbulence are based on the equation of turbulent energy
transfer. If such model is reckoned as universal then it must answers three questions. First —
where does the turbulent energy originate? Second — what happens to this energy? Third —
how does the energy dissipate? Otherwise there are certainly exists such flow that this model
can not reproduce.

For the vast majority of turbulent flows Kolmogorov’s theory of cascade energy transfer
answers these questions. By this reason results of simulations by high-quality models must be
in agreement with this theory.

In this work, we will try to figure out which properties allow some models to simulate
cascade energy transfer.

2. The Jones-Launder model
The Jones-Launder model [1] has the following form
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It 1s stated in [2] that the equations system
dk _ _
dt ’
de g’ @)
¢ =-C,—.
dt k

reproduces well the grid turbulence decay if C, = 1.4. Note that it was shown in [3] that the
requirement C, <1.5 in (2) follows from the condition lim, L, =0. Based on the
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coincidence of the dissipative terms of systems (1) and (2), we assume that system (2) is a
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simplified Jones-Launder model (1). Because the grid turbulence decay is very similar to a
cascade process, it was decided to test this model for the possibility of the cascade process
simulating.

The model for the cascade process simulation is based on the following hypothesis. It is
supposed that the dissipative term describes not the rate of the transition of the kinetic energy
to the thermal energy, but the rate of energy transfer into the cascade process. On the base of
this supposition we calculated several steps of a discrete cascade process. Each step of the
process was calculated on a separate model. Therefore, the complete model of process
consists of several similar systems of equations. The turbulence model as such describes the
first step of the cascade process. Its dissipative term describes the transfer of energy to the
second step of the cascade. Therefore, it is used as the production term in the second step. The
dissipation of the second step is used as the production in the third step, and so on.

One must say that a similar model, although for other purposes, was proposed in the [4].
But any real using of this model was not found in the literature.

3. Governing equations

At the first step of the calculation, system (1) is solved. The equations for modeling of
the next step of a discrete cascade process looks as follows. Here i is the number of the
cascade process step.
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The initial conditions of the whole simulation and are the values of energy and

dissipation k° and €’ obtained from solution (1).
The initial conditions for calculating the next step of the cascade process are set as
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4. Solution requirements
1. The turbulent energy spectrum must satisfy the relation E(x)~ . Here E is the energy
function, x is the wave number. In this paper, the values of the discrete energy function
were found as E,(x)=#/x, , the values of the discrete wave number - x, =2x/L, . Here £, is

the turbulent energy of the i-th step of the cascade process, L; is the value of the dissipative
scale at this step.

2. The transition of the energy of turbulence to heat occurs at small scales of the vortices. It
follows that the energy transmitted through the cascade per time unit, i.e. the rate of
dissipation, is unchanged.

3. The values of turbulent energy in any cross section of a turbulent vortex decrease during
the cascade process. Reason. In the cascade process vortices stretch. So their radiuses
decrease. Decrease of vortices radiuses leads to decrease of linear velocities of vortices. As
a result the levels of fluctuations decrease also.
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4. The diameters of the vortices decrease in the process of cascade transfer. Hence, if we
assume that the dissipative scale is a characteristic of the diameter of the vortices, then it
must also decrease.

The following must be said. These are fairly general requirements for modeling a
cascade process. But, if the model poorly reproduces the turbulence energy profile, turbulent
viscosity, etc., then it is impossible to require that the solutions of the equations of the model
satisfy all these requirements. Therefore, here we check that the results match only the first
item on the list. In this regard, we mention that (see, for example [5]) the flow in round jet
cannot be predicted with the standard k-e and therefore with Jones-Launder model.

5. Results of simulations

It is known that the Jones-Launder model poorly calculates near-wall turbulence.
Therefore, we will check the capabilities of the model by calculating a cascade process in free
flows - a round jet and a flat shear layer. In these cases, both the turbulence itself and the
cascade process were simulated using the Jones-Launder model.

Figures 1 and 2 show the results of modeling the cascade transfer in a round jet and a
plane shear layer.
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Fig.1. Calculation of 4 steps of cascade transfer in 4 cross serction of round jet .
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The possibilities of calculating the near-wall flows were verified by simulations of the
cascade process in the boundary layer. In this case, the flow in the boundary layer was
calculated by the author's model [3], and the cascade transfere by the Jones-Launder model.
The results are shown in Fig. 3.

The calculations of the correspondence of the spectrum to the "-5/3" law for several
well-known models are shown in Figure 4.

Chen's model [6] shows that in the third step of the cascade process the wave numbers
of the fluctuations decrease, 1.e. the diameters of vortices increase. This is impossible. The
Menter’s SST model [7] does not demonstrate any orderliness of the results by the wave
numbers in the steps of the process. Launder-Sharma [8] model in the third step shows scales

of turbulence on the order of (10"8 +10'9)5. This is why the third and fourth steps are not
shown on the plot. But such scales are much smaller than Kolmogorov's scale.
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Fig.2. Calculation of 4 steps of cascade transfer in 4 cross serction of plane mixing layer .
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Fig.3. Calculation of 4 steps of cascade transfer in 4 cross serction of boundary layer.
Note that the Wilcox’s model [8] correctly shows changes of the energy function in the
cascade process steps.
Consider what this model has in common with the Jones-Launder model.

We can say that almost all k-¢ models are the Jones-Launder model with corrections. A
typical k-¢ model can be written as
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Fig.4. Calculation of 4 steps of cascade transfer in boundary layer by 4 models of turbulence .

Here P =1, (6Ul. / 6xj)is the rate of energy transfer from the mean flow to turbulence or

the production of turbulence energy.
The corrections £, and E, in fact take into account the near-wall effect of viscosity on

diffusion and are not considered further. In most models, the correction f, =1. The model is
mainly determined by the f, correction. Note that at a distance from the wall f, = f, =1,
E, = E_=0, that is, the model coincides with the Jones-Launder model.

Wilcox's model can also be classified as a Jones-Launder model, but with a different
dissipative variable.
Only in the Jones-Launder and Wilcox models, the correction f, =1 in the whole

calculation area. In the author's opinion, it is this fact that allows these models to reproduce
the "-5/3" law. Unfortunately, the author failed to prove this mathematically.

Why are these corrections needed?

The meaning of the corrections introducing is obvious. It is noted that in the near-wall
region the Jones-Launder model gives strongly overestimated values of the turbulence energy.
Therefore, in order to decrease the energy near the wall, it is necessary to decrease the term in
the energy transfer equation in this region. But all the terms of this equation, except for the
dissipation rate, are exact and their profiles are verified by experiments. Therefore, one cannot
change them. Therefore, in all models, corrections f; and £, are introduced into the dissipation
rate transfer equation, so that the dissipation rate at the wall increases. For this, /> at the wall
should decrease (as a result, the dissipative term of the dissipation rate transfer equation in the
wall region will decrease), and f; at the wall should increase, which will increase € in this
region. It is clear that these corrections in no way follow from the Navier-Stokes equations.

As a result, we have a contradiction that cannot be resolved within the framework of the
traditional approach. To reproduce the "-5/3" pattern the corresponding terms of the model
equations must have the form (P —¢) and (C,P - C,g), but in order to reproduce the near-wall

turbulence, it is necessary to introduce corrections into the dissipation transfer equation.
In [3], the author succeeded in resolving this contradiction. The proposed model has the
form
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It has already been said that in order to decrease the energy at the wall, the term (P — 8)
must be reduced. In the traditional approach, this is done by increasing € in the near-wall
region. But at the same time, the capabilities of the model are noticeably reduced. At the same
time, it is also possible to decrease (P —g) while not changing (C,P —C,g) by decreasing P,
which was done in []. Here f; is a correction function equal to zero on the wall and 1 in free

flow. This approach is in good agreement with a variety of experimental data. Many
calculations carried out using this model are not available to modern models in principle.

6. Conclusions

The paper analyzes the reasons of difficulties in modeling the cascade process of
turbulent energy transfer. According to the simulation results, no one modern model can
correctly reproduce the cascade transfer. It is shown that the reasons that do not allow
modeling the cascade transfer lie in the base of models designing method. It is argued that
proposed by the author the new methodology for models designing effectively copes with
these difficulties.
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I'OJIOBHSI Bopuc IlerpoBuy,
IO TMTAHHSI TIPO KACKAJJHE NEPEHECEHHS EHEPI'TI B TYPBYJIEHTHHUX
TEUIAX

Kackanne nepeneceHHs eHeprii Bilirpae HalBaXKIIMBIITY PONIb Y BCIX TypOyJIeHTHUX Tedisx. Ha
XKallb IIed Tpolec AyKe MOTaHo IMiJNAEThCs MOJACTIOBaHHIO. Y JaHid poOOTi aHami3yeTbes OJHA 3
MOXXJIMBUX TPUYAH BHHUKHEHHS TpydaHouliB. Iloka3dyeTbcsi, 1[0 MOHENIb TypOYJIEHTHOCTI,
3alpOoNOHOBaHA PaHille aBTOPOM, 3 IIUMHU TPYTHOIIAMH YCIIIIIHO CITPABISETHCS

Knwouoei cnosa: MonentoBaHHsI KACKAHOTO NIEPEHECEHHS, k — & MOJENb TYpOYJIEHTHOCTI.

Ooepoicano pedakyieio 11.07.2018
Tpuiinamo oo nyonixayii 20.09.2018



