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Purpose. Approbation of the developed model. Demonstration of the possibilities of the
approach to the construction of models of turbulence.

Results. By using the estimations of the model terms in the near-wall region and rejection of
small ones, a simplified version of the turbulence model developed by the author was proposed. The
simplified version makes it possible to simulate turbulence in the immediate the near-wall region,
without taking into account the effect of the external flow. Furthermore. In the immediate vicinity of
the wall, a simplified version allows an analytical solution that well corresponds to the experimental
and simulation data of different authors. The numerical solution of the equations of the simplified
model in a more extended region also corresponds well to a variety of data. Analysis of the results of
calculations makes it possible to propose a new explanation of the behavior of turbulence in the near-
wall region.
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JEAKI IBUAKICHI METOJM PO3B’SI3KY HEJIHIMHUX OGEPHEHUX 3AJTAY
TEIIJIOITPOBIIHOCTI

Anomauin. Y cmammi npogedenuil wucenvHuil anaaiz cepii memooie 6e3ymMo8HoI onmumizayii
Ha HeniHIUHUX 3a0ayax, AKi 0aiomb MOMCIUBICIb 3MEHWUMU Y4acC NOWLYKY HUCENIbHO20 D038 A3KY
senuxozo kaacy ueninitunux O3T. Taxoowce y pobomi 3anponoHosani cymmesi Moouikayii KiacuuHozo
memooy Hviomona, sixi 0aroms MONCIUBICMb OMPUMAMU WYKAHUL YUCETbHULL PO36 S30K HENIHIIHUX
3004y 3HAYHO WeUOwe y NOPIGHSAHHI 3 KiacuuyHum memooom Hviomona. Moougixayii memooy
Hoiomona 3i 3minHuUM Kpoxom O0aiomv 3HAYHO WGUOWLY 30idCHICMb Ma O0aiomb MONCIUBICb
ompumamu 00cumv weuoKo po3e szxu neniniinux O3T.

Knrouoei  cnosa: obepnena  3a0aua  menaonposionocmi  (O3T), mpsma  3adaua
mennonposionocmi (I13T), memoou 6e3ymosHoi onmumizayii, KeaOpamu4Huil QyHKYIOHA.

Beryn

ExcriepumeHTanbHi METOAM JOCHIKEHHS TEIIo(QI3UYHUX IPOLECIB Ta iX CHCTEM €
HaWOUIBII JOCTOBIPHUM JDKEPENIOM 1H(opMaIlii mpo TerioBuid ctad 00’ekty [7]. OcobnuBoro
3HAYEHHS Teopis 1 MpaKTUKa pO3B'si3aHHA OOCpHEHUX 337a4y HaOyBalOTh y Halll Yyac, KOJU B
CIIIy OOCTaBMH 10 CKJIAJIHUCS, OO €KTU EHEpPreTHKH, I[POMUCIOBOCTI, TPAHCIOPTY,
rocIo/1apcTBa, KOMYHIKallild, Oy[aiBeab Ta CHOpYJ BIANpalioBaJd CBiM IMJIAHOBUH pecypc 1
noTpeOyloTh YHUKHEHHS TEXHOT€HHUX KaracTpod, a came mNOTpeOyloTh TEpPMIHOBOIO
OHOBJIEHHS, MoOJiepHi3alii 1 pexoHcTpykuii. [lepmmm kpokoM B peanizauii mnporpamu
PEKOHCTPYKIlIi TepepaxoBaHUX BHIIE OO €KTIB € IIarHOCTHKAa iX TEXHIYHOTO CTaHy 1
BU3HAUEHHS 3aJIMIIKOBOTO pecypcy, TOOTO uacy, MPOTATOM SIKOTO JaHUM OO'€KT MOXe
HaJIMHO 1 €(eKTUBHO NIPALIOBATH, HE CTAaBJISIYM M1 3arpo3y >KUTTS JIIOJCH 1 HaBKOJUIIHE
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cepenosuine. Ilpu mpoBeaeHH1 A1arHOCTUKHU Oe3MocepeHE BU3HAYEHHS IapaMeTpiB, IO
00MEXYIOTh HallliHy poOOTy 00'€KTa yCKIagHEHEe, a 4acTO MPOCTO HEMOXJIWBE. Tomy, fK
MpaBWJIO, MPO III HapaMeTpu CYyIATh 3a pe3yjibTaTaMM HENpSIMHUX BHUMIPIOBaHb, IO €
MPEPOraTUBOI0 OOCPHEHMX 3a7ady. TakKuM YHMHOM, B OCHOBI JIIarHOCTUKH TEXHIYHOTO CTaHY
JeXKaTh TEOpis 1 MpaKTHKa pO3B’si3aHHS OOEpHEHWX 3aJay, a 1€ BUMAarae IOJaIbIINX
JOCIIKEHb 3 PO3pOOKM METOMIB BUPILIEHHS LKX 3aBJaHb, €(EKTUBHHUX AJITOPUTMIB 1
MIPOrpaMHUX MPOAYKTIB.

Jlo OcCHOBHUX mpoOjeM i 4Yac BHPINIEHHS NPUKIATHUX OOEpHEHUX 3a/ay
teruionposigHocTi (O3T) BiTHOCATH KOPEKTHICTh MOCTAHOBKHU 3ajaui, 4ac pPO3B’SI3KYy CUCTEM
anreOpaiyHUX PIBHSAHb Ui JUCKPETHOTO AaHAJOTy PIBHSAHHSA TEIUIONPOBITHOCTI, 00’e€M
oOuMClIeHb IiJ] 4Yac ONTUMI3alli KBaJApaTUYHOIO (QYHKLUIOHATY y OOEpHEHUX 3ajadax
(KUIBKICTH OOuMcIeHb Ha 1 ITepauiio), CTIMKICTh Ta 30DKHICTh METOIB 0Oe3yMOBHOI
ONTHUMI3alli].

Binomo, 1o 4ucenpHUM po3B’A30K JIHIMHMX 3aJad MOpsSIMUX Ta OOEpHEHUX
TEIUIONPOBITHOCTI OTPUMYETbCA 3HAYHO IIBHJIIIE, HDK HEMIHIMHMX 3a4a4, OCKUIbKU
JUCKPETHUN aHAJIOT JIHIMHMX 3a7a4 BUMAarae po3B’si3aHHs JIIHIHHOT CUCTEMHU PIBHSHB, a JUIs
HEeMHIMHUX — HemH1HHOT [1;5;7]. Ilin yac 3HaXO0JKEHHS YUCEIbHOTO PO3B’SA3KY HENIHIMHUX
3a]1a4 BUHUKAE s MpoOJIeM NOUIYKY po3B’sI3Ky MOCTAaBICHHUX 3a/1au.

binpuiicth cydyacHMX METOJIB Ta ajirOpPUTMIB pPO3B 3Ky NPUKIATHUX 3ajad, SKI
3BOJATBCS JI0 PO3B’sI3aHHS OOEpHEHUX 3a7au TEIJIONPOBIIHOCTI, BUKOPUCTOBYIOTh
OaraTopazoBUil BUKJIMK MpOLEAYypH pPO3B’sA3Ky mpsimMoi 3azaul temonposigHocti (I13T).
Tomy, ouyeBHMIHO, IO OJHMM 13 Hale(EKTHUBHIMIUX HUISXIB CYTTEBOTO 3MEHIICHHS 4Yacy
MOIIyKy 4yucenbHOTO po3B’si3ky O3T € 3menmends yacy posB’si3ky [I13T mist BimmoBimHOT
O3T [4;5]. V knacuyHIil NOCTaHOBLI HEKOPEKTHHX 3ajad, y Tomy uuciai O3T, mpucyrHiit
KBaJpaTUUHUN (yHKLIOHAI, SKUM MOTpiOHO MiHIMIZyBaTu. ToMy He MeHII e(pEeKTUBHUM
LUIIXOM TIPUCKOPEHHS oTpuMaHHS po3B’sa3ky O3T, 30kpema HENHIMHHUX, € MOAMQIKAIisi
ICHYIOUHX METO/[IB 06€3yMOBHOT ONTUMI3al1i BIANOBIAHOIO KBaAPATUYHOTO (YHKIIIOHATY.

Jia miHiiHUX Ta HeniHidHuX O3T KUIbKICTh BUKIUKIB npoueaypu po3s’ssky [13T Ha
OJIHY ITepalliio M Yac 3aCTOCYBaHHA IPAJIEHTHUX METO/IB MPOMOPIIHHA KUTBKOCTI IIYKaHUX
napameTpiB po3B’si3yBanoi O3T. 3 pocToM pO3MIPHOCTI 3a7a4i POCTE€ KUIBKICTh BUKIUKIB
npouenypu [I3T. Sxmo, nHanpukinan, aBosumipHa O3T Ha BiTHOBIEHHS MMOYaTKOBOTO
pO3MOAUTY TeMIepaTypu po3rsiayBaHoi oOmnacti [4] po3s’szyerhes Ha citmi 34x34 (3
IPAHIYHIMH BY3JIaMH), TO KUTBKICTh BHKIHKIB Iporieaypy po3s’ssky I13T 322, Skmio x 1o
caMy JBOBHUMIPHY 3aJladyy pO3B’A3y€TbCS Ha Citii 66X66 (3 TpaHUYHMMH BY3JIaMH), TO
KUTBKICTh BHKITHKIB porneaypu po3s’ssky 13T 647 i 1. .

Meta podooTu

Po3poOka uncenbHUX METOMIB, K1 3MEHIIYIOTh KUIbKICTh OOYMCIIEHb JUIsl OTPUMaHHS
PO3B’A3KY HENIHIMHUX OOEpHEHUX 3aJay TEIUIOMPOBITHOCTI Ta ampoOallisi WX METOIIB Ha
KOHKpPETHHUX 3aJlauax.

MaTtemMaTH4YHA IOCTAHOBKA 3a1a4i

VY obnacti Dx[0,7] po3risinaeTbesi piBHAHHS TEIIONPOBIIHOCTI [S]:

oT
pC—:V(kVT) (1)
ot
[ToBHMIT pPO3B’SI30K 3amadi TEIUIOMPOBITHOCTI y 3amaHid o00sacTi MICTUTh Taki

BIJOMOCTI:
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—3HAaYeHHS TeMIIepaTypH Yy BCIX BHYTPILIHIX TOUKaX po3paxyHKOBOI o0jacTi 3a/1a4i,
T00TO VX € D, Vte [O,T] Bimomuid poznoain T (x,t). Ile o3Hauae, 110 BiOM1 pO3MOAUIH Y

MMOYaTKOBU MOMEHT Yacy

T (x)=T(x,0) )
Ta KIHIIEBUM MOMEHT 4acy
T,,(x)=T(x,7); 3)
—I'paHUYH1 YMOBH:
0D =0D, +0D,, xedD, :T =T(x,7); xedD, : oT/on= p(x,7), 4)

ae 0D — rpaHuns po3paxyHKoOBOi o6macTi, 0D, — Iie YacTHHA I'paHHMIli (MOKJINBO, TOPOXKHSA),
Ha sKil 3a1aHa ymoBa /[lipixae ta 0D, — dacTWHA paHHML], Ha AKii 3a1aHa ymoBa Helimana, a

n — 1€ HOpMaJTb JI0 TPAHUIll PO3PAXyHKOBOT 00JI1aCTI 3a/1a4i;
—3aJIeKHICTh IapaMEeTPIB 3aJa4i B1l KOOPIAMHAT Ta TEMIIEPaTypu:

p=pxT), C=C(x,T), k=k(x,T), (5)

ne

p —T'yCTHHA TUIa,

C — nuTOMa TEIIOEMHICTD Tia,

k —xoedilieHT TeMIepaTypoIpoOBiTHOCTI.

BpaxoByroun BuIleBKa3aHi BiIOMOCTI IPO MOBHUM pO3B’A30K 337a4l TEIIONPOBIAHOCTI,
MOXKHA c(hopMyIIIOBaTH NMPSAMY 3a/1auy JUlsl pIBHSAHHS TEIUIONPOBiIHOCTI B obnacti D x[0,7].

Hano piBHsHHA (1), mouyaTkoBuil po3moaul Temmeparypu (2), rpaHuyHi ymoBu (4),
3aJIe)KHOCTI IapaMeTpiB Bl koopauHaT 1 Temmneparypu (5). [loTpiOHO 3HAWTH KiHLEBUN
po3nonun temneparypu (3) 1, sSIK NPOMDKHUN pe3yiabTaT, 3HAUEHHsSI TEMIIepaTypH Yy BCIX
BHYTPILIHIX TOUYKaX pO3paxyHKoOBOi o0nacTi y piBHAHHI (1) ans Vi e [0,1'].

[Tepmoro O3T y po6oti posrasgaerbest HacTynmHa O3T. Jlano piBusuHS (1), KIHIEBUN
po3nojin Temneparypu (3), rpaHuYHI YMOBU (4), 3aJIeKHOCTI NTapaMeTpiB Bil KOOPAUHAT Ta
temieparypu (5). Tpeba 3HalTH MOYATKOBUM pO3MOAUT TemMmepaTypu (2) i, sIK MPOMDKHUM
pe3ysbTaT, 3Ha4eHHs] TeMIIEpaTypH y BCIX BHYTPILIHIX TOYkax obnacti mis V¢ e [0,1']. O3T
BB@)XATbCA PO3B’SA3aHOI0, SKIIO 3HANWIEHO TaKUM IOYATKOBUM pO3MOJUI TeMIepaTypu

T,. (x) =T (x,O) , 10 pO3B’SI30K MPAMOT 3a/1a41 3 BUKOPUCTAHHSIM Y SIKOCTI I0YaTKOBOI YMOBU

uporo posmnoauty 7’ (T

init

) CHIBNA/A€ 3 MOTPIOHUM KIHLEBUM po3nojiiom T, .

[nakmie, moTpiOHO 3HANTU MOYATKOBUN PO3NOALT TeMIepaTypu 7, . Takuii, 0

init

init

J(T,.)= HT(T_) - TﬁnH > min . (6)
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VY saxocti HOpMH y (6) BHUKOPHUCTOBYETHCS HOpMma L, TOOTO ||x||: ’ J. x’dD abo, y
D

2 .
|x|| = le. . SlcHo, 10 VI 33/1aHOTO MMOYATKOBOrO po3noaity 7,

init

JUCKPETHOMY BUIAJKY,

3Ha4YeHHS T (T ) OTPUMYETHCSI B pe3yibTaTre po3B’s3Ky AudepeHiiaibHOro piBHAHHA (1).

init
Jliisa ckopoueHHs 3anuciB BBenemMo i piBHAHHS (1) mo3nauenHs (7). TyT migkpeciroerbes,
10 pO3B 30K OTPUMAHO 3 BUKOPHUCTAHHSAM ILIYKAaHOTO MapaMeTrpy L(T ,9) =0, y nanomy

BHIIA/IKY, 3 [I0YaTKOBOO yMoBot 0 =T (x,0) =T, (x):

L(T,0)=0. (7)

MoxHa ckaszatu, mo audepenimiaabae piBHsSHHS (7) BUCTymae s 3amgadi (6) B podi
obmexxenns. ToOTo, cnmparunch Ha CydacHy Kiacudikailio, MaeMoO CIIpaBy i3 3aJadero
MOIIYKY [JIO0AJIbHOTO MIHIMYMY @yHKIIOHany (6) 3 oOOMeXeHHSIM Yy BUIVIAL
nudepeHuiaabHOro piBHAHHA (7). 3a1aul MOLUIYKY €KCTPEMYMY 3 OOMEKEHHSIMHU 3alUCYIOThCS
3 BUKOPHUCTAaHHSIM MHOKHHUKIB Jlarpanxa, TOOTO 3ajada CTaBUTbCS Yy BUIVIAJI 3ajadl Ha
0€3yMOBHHUN EKCTPEMYM:

[(r(6)-T,,) dD+AL(T.6) - min.

D

Tomy nOTpIOHO 3HAWTH IOYATKOBUM po3moAul Temmeparypu 6 =7, Take, IO

posnozin 7 (0) nae minimym dyHKItiOHaTY

J(0)= j (7(6)-T,,) dD - min, )

OpUYOMYy [UIsi JOBUIBHUX II09aTKOBHX yMmMoB O =171 . 3HaueHHd T (9) 3HaXOJUTHCA B

pe3ynbTaTi po3B’ 3Ky AU epeHLiaTbHOro piBHIHHS (7).

Jpyroro 3ajauero y AaHid poOOTi € 3amaya Ha MOHIYK I'paHU4HOi ymoBu [3]. JlaHo
piBHsAHHA (1), moyaTkoBUI PO3NOALT TeMnepaTypH (2), KiHIeBUil po3noaul temnepaTtypu (3),
IpPaHWYHI YMOBH Ha YaCTHHI I'PaHUL y BUIJIAAL (4), 3aJ1€KHOCTI TapaMeTpiB Bl KOOPJAUHAT Ta
temiieparypu (5). Tpeba 3HaiiT rpaHMYH1 YMOBH (4) Ha Till YaCTHHI I'PaHULl PO3PAXyHKOBOT
oOnacti, Ha $Kii BOHM HE€ 3a4aHi (HEBIIOMI) 1, K NPOMDKHUN pe3yabTaT, 3HAYEHHS
TEMIlepaTypu y BCIX BHYTpimIHIX Toukax oOsacti. O3T BBakaTbcs po3B’A3aHOIO, SKIIO
3HAMACHO TaKU PO3MOJALUT TEMIIepaTypu abo TeMmIepaTypHUM IMOTIK Ha TpaHulll oOsacTi (e
BOHA HE 3ajaHa Oyja 0 LIbOr0), IO PO3B’A30K MPsAMOi 3ajadl 3 BUKOPUCTAHHSIM Y SKOCTI

3HAWJIEHUX TPaHUYHUX YMOB YMOBHM LIbOTO posnoaity 7' (Qbm d) CHIBNAAAE 3 MOTPIOHUM
KIHIIEBUM po3noaiiom 7', .

AmnHanoriuHo TpeTs 3a7adya y JaHid poOoTi Ha Momryk KoedilieHTa TerIoNpOBIAHOCTI
[6]. Hdano piBHsHHS (1), mowarkoBHIl po3moaul Temmneparypu (2), KIHLIEBHH pO3MOAUI
temiieparypu (3), rpaHUYHI YMOBHU Ha YaCTUHI TpaHUIl Y BUIISLAL (4), pO3MOALT TYCTUHH Ta
MUTOMOI TEIJIOEMHOCTI T11a, 5IK1 3aJ]1€KaTh Bl KoopauHaT Ta Temneparypu (5). Tpeba 3HaliTu
pPO3MOJIUT 3HAYEHb TEMIEPATYPONPOBITHOCTI Yy (5) 1, SIK MPOMDKHUN pe3ynbTaT, 3HAUEHHS
TEMIIepaTypu y BCIX BHYTpiUIHIX Toukax obOusacti. O3T BBaxkaTbcs pO3B’A3aHOI0, SKIIO
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3HANACHO TaKWW PO3IMOUT 3HAUYEHb TEMIIEPaTyPOIPOBITHOCTI, IO PO3B’SA30K MPSAMOI 3a/1a4i 3
BHUKOPHUCTAHHAM Y SKOCTI 3HAWJACHUX TPAaHUYHUX YMOB YMOBH IIbOTO pos3moaury 7' (900" d)

CIIBI/A€ 3 MOTPIOHUM KIHIEBUM po3moaiiom 7, .

Mertoauka po3B’si3Ky

UucenpbHul po3B 30K PO3IIIIHYTUX Y poOOTI 3aa4 OTPUMAHO METOJOM CKIHYEHHHX
€JIEMEHTIB.

bynemo MinimizyBatu ¢yHkiioHan (8), po3B’s3yl0uu CUCTEMY PiBHSHS [ 1; 2; 5]

oJ

2(6,)

1

=0p,i=1LN, 9)
ae

0 ; — myKaHe 3HaYEHHS TeMIEpaTypH B i-MY BY3ILY pO3paxyHKOBOI CITKH;

N — 3arajbpHa KUIBKICTb BY3JIIB, Y IKMX MOTPIOHO 3HAWTH 3HAYEHHS TEMIIEPaTypH.

Cucrema (9) 6yzne po3B’si3yBaTuch MeTo oM HploTOHA Ta Hioro MoaudikarisMu.

Toni 3aBgaHHs onTUMI3alli MOXHaA IMOCTAaBUTH B Takui cnocib. Cepen iCHyHOuux
YHCeIbHUX METOMAIB onTumizauii tuny HploToHa BuOpaTtu HaWOUIbII eQEKTUBHI s
po3B’s13ky O3T 1 CKOPOTUTH B HUX KUIBKICTh BUKIIMKIB Mpo1ieaypu po3s’si3ky [13T.

MeToau MinimMi3anii KBaIApaTHYHOrO (PYHKIIOHATY

Metonu Tuny Meroay HploTOHa 3aMiHIOIOTH PO3B’SI30K CUCTEMH PIBHAHb BHUAY

F (;) =F (x1 ,...,xn) =( pO3B’SI3KOM IMOCIIZIOBHOCTI cCUCTEM BUAY [4-6]:

1

()

oF, (—k)
—(x
Ox,

ox,
== .. (10)

_ k+l Lk —
F)f ) ee)

VY skocti matpuui cucremMu B (10) BukopucroByerbes ['eccian, TOOTO MaTpuis, IO
CKIIQTAETHCS 3 IPYTUX MOXITHUX PIBHSIHB CUCTEMU:

6Fn ()_Ck) 8F:1
ox, o,

0°J 8%J,
o) - a0 (0")
H (o) : (11)
0°J 8
aenane] (6) aejn (6)

ne k — HoMep iTepariii MeToy.

Po3B’sa3ku nmoaibHUX 3a/1a4 MOXKYTh OyTH OTpUMaH1 TUIbKH YUCEIbHO, TOOTO Y BUIJISAI1
TaOnuIe 3Ha4YeHb. llepen Tum, sk 3amucaTtd GOPMYIH IS PO3TISHYTUX METOMIB Yy [5],
3anumIeMo Kiracuuyauii Meron Herotona mist nocrasiaenoi O3T.
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G*AO* =—-R*

S (12)
0" =0" + A"

e G= (Gi/‘) = (82J/69i69j) — marpums Decce, A0 =(A0,,..,A0,) — BexTOp-CTOBIUHK

. . T T .
npupoctis mapamerpis, R = (R,,...,R,) =(8J/06,,...,8J/06,) — BeKTOP-CTOBITUMK MOXimHHX
LUTOBOIO KBaJAPATUUYHOTO (YHKIIIOHATY.

Buxopucranus meroais, ormcanux y [5], mis (12), Bege 1o moaudikaiid KIaCUYHOTO
MeTory HeroToHa 31 3MIHHUM KPOKOM.

[lepura Mmoaudikaiiss METOLy 31 3SMIHHUM KPOKOM Ha OCHOBI [5] MaTtume Takui BUTJIS;

J(E(") - ﬁkJ'(E(")))z min J(E(") iy -J'(E("))) B>0,
Z_g% _B-H (5(k))J(5(k)) ’
Jz=nE)=mins(z-n-1E)a>0,
0" =0 —2n, -(H(§("))+ H(Z))]J(é(")),

(13)

Jc

9( ) .. — BEKTOp HEBIIOMUX 3a/1a4l Ha iTeparlii k;
H —wmarpuus 'ecce;
h, — KpOK METOIly Ha ITepauii k.
Merton (13) mae apyruii nopsa0K TOUHOCTI.
Amnanoriuso, apyra moaudikaiis metony HproToHa 31 3MIHHUM KpPOKOM Ha OCHOBI [5]
MaTUMe TaKui BUTIIS;

J(E(") - ﬁkJ'(E(")))z min J(E(") iy -J'(E("))) B >0,
z=0""-p-u6" ")

J(Z—th'(E)):minJ(E—h-J'(E)),h>o, (14)

5 o) ) ) )

Merton (14) mae apyruil nopsa0K TOUHOCTI.
Tpets mogudikamis metoxy HproToOHa 31 3SMIHHUM KPOKOM Ha OCHOBI [5] MaTuMe Takuid
BUTJISIL:

—
D

J(E(") - ﬁkJ'(E(")))z min 76" - B -J'(E("))) B>0,
2=0" - p1r(6")s(0")
Jz=n'E)=minJ(z-n-E)a>0, (15)

—(k) —
9(k+l) _ Q(k) _th]{Q 2+ Z\]J(Q(k)).

Cnin 3ayBaxkuTH, 110 MeToA (15) Mae TpeTiit mopsI0K TOYHOCTI.
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Mosxna npuckoputu Meroau (13), (14), (15), BUKOPUCTOBYIOUM MAJIsi 3HAXOJKEHHS
(k1) .
BekTOopa O METO/1 HAUIIIBUIIOTO CITYCKY.

TectyBanHs po3po0JIEHUX METOIIB MPOBOIMIOCS Ha psl 3amad. [leski 3 HUX HaBeJeH1
HIDKYE.
3aoaua 1. 3naiiTi rinobanbHUN MIHIMYM (QYyHKIIOHATY:

J(Q(;)) = j(T(@,E,Q)—@()_c))Z dx —> min, x = (x,x,), (16)
Q
ne
Q — PO3paxyHKOBa 00JIaCTh;
9(;) — HeBioMa (1rykaHa) GyHKIis;

T(Q,x,tf) — IIYKaHUH pO3B’SA30K 3aa4i, AKUH 3aJIeKUTh Bif Q(x) ;

@()_c) — 3a/laHuil PO3IOALT TEMIIEPATYPH Y MOMEHT 4acy [ .

PospaxynkoBa o6macte () pazoM i3 CITKOIO 300pakeHa Ha PUCYHKY 1:

PospaxynkoBa obnacTh, 300pa’keHa Ha PHUCYHKY 1, mipeacTaBisie cO0Or0 KBaapaT 3i
CTOPOHOIO 2 3 LEHTPOM Yy MOYaTKy KOOpAHMHAT. 3 KBaApaTy BHUPI3aHO KOJIO 3 LIEHTPOM Y
MovaTKy KoopauHat pajaiyca 0,5 ta yotupu KBajapatu 31 cropoHamu 0.2 3 eHTpamMu y TOUKax

(~0.5;,-0.5), (0.5;0.5), (0.5;-0.5), (0.5;0.5) Bianosizso.

JonaTtkoBe 0oOMEXeHHs KBaapaTtuyHoro ¢yHkuioHany (16) 3amucyerbcss y BUIIISAIL
IU(pEepeHL1aIbHOTO PIBHSHHS:

oT
= =V(kVT)+f,
ot (KT)+f

tel0,t, |,t,=03, (17)
k(T)=T?-T+sinT+1, f(x,x,,T)=cos(T—x,+x,)+x +x,.

I'pannuni ymoBu (17) MaroTh HACTYIMHUM BUTIISAL;

T(-1,x,,t) =sinzx,,

or (x.t) or (x.t) or (x.¢) or (x.¢) (18)
(Lxy.t) (x1,—-1t) (x,1.1) Cinside

1
Ie n — HOpMajb 0 TpaHulli o0nacTi (y JaHOMY BUIIaJKy 10 BHYTpimHb01 I, .. ).

1
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Tpianrynsuia pospaxynkosoi odaacri

0.8

0.6

0.4

-04

-0.6

-0.8

-1
-1 08 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
X

Puc. 1. Po3paxynkoBa 001acTh 3a7a4i 3 HAKJIaJACHOIO Ha HEIO CITKOIO.
Tpianrynsuis: 1348 By3niB citku; 2472 enemenTH; 232 TpaHUYHUX €JIEMEHTH

Posnmoain temneparypu mna (17) 3 rpanmunumMu ymoBamu (18) st piBHsSHHSA (16)
IIPEJCTABIICHO TaK:

T (x)=T(xt,) (19)

npuyomy, posnoain 7, (x) MPE/ICTaBICHO HA pUC. 2:

Pe3ynbraTu yncenbHUX €KCIEPUMEHTIB HaBEJEHO Ha puc. 3-6.

Ha ocHOBI oTpuMaHux pe3yabTaTiB MOKHA CTBEp/UKYBATH, 110 Mojau(ikaiii METOAIB
HploToHa mpaiioloTh Ha HENMHIMHMX 3a/JadaX Ha IOLIYK II0YaTKOBOi YMOBHM 3HAa4YHO
edekTuBHIIIE, HDK KiIacuuauil Mmetoa HeroToHa.
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T(xy,0)

Kinuesuii po3nogin remneparypn
(v momenT yacy 7=0.3)

¥ -1 i X

Puc. 2. Po3noain TemmnepaTypu B KiHIIeBUiI MOMEHT 4acy (=0.3)

IoyaTkoBHii po3noJix TemMmepaTypu

-0.5 b e s

¥ -1 %

Puc. 3. TemnepatypHe nosie B MOMEHT dacy =0
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. I'padiune npexcrasaenns 3b6izknocti meroay Helorona ta orpumannx moaHpikamiii
. T T T T

*Kﬂacwmnﬁ merog Helorona
-’-Mo,mq:ixauiﬂ smeroga Heorona 3i sminnum kpokom hk (13)| |

BLINOCHOT MOMHIKH

e 1
% -‘-Monud:ilcanin smeroda HeloTona 3i 3MiHHEM KpokoMm hk (14)
E' 0.8 =3¢=Mopupiranin merona Heworona 3i sMiHHEM Kpokom hk (15) |
| a Monudikauis merona HeioToHa 3i 3MIHHHM KpoKoM hk (15)

3 BHKOPHCTAHHAM MeTOQY HALBHAIIOTO CIIYCKY -

o

IYKaNoro po3s'
=
=

=
o

3navenng MaKCHMAIbIIOD

Homep iTepanii
Puc. 4. [lopiBHANBHUN aHa3 poOOTH METO/IIB HA IOCTABJIEHIM HENIHINHIN 3a7a4i 3a
KpUTEpieM 30DKHOCTI BIMOBITHUX METO/IIB

BincoTok KiIbKOCTI BHKIAKIB
npouenypH II3T Bix MakcHMAIBHOT KIIBKOCTI
Yy KiIacHuHoMmy MeTodi Helotona

100% S
0

wi Knacuunuii Meton HeroToHa

90%

80%

N Mogudikania mMerony HeroTona 31

o 63.45% 1 3MIHHHM KpokoM (13)

70%

60% o .
&= Momgudikamis MeTomy HeioToHa 3i
3MIHHHM KpoKoM (14)

50%

10% i ixari 1
34.46% = Mogudixaris Metoay HeroTona 31

3MIHHHM KpokoM (15)

3HaTeHHA BITICOTKA

30%

20%

* Mogudikamis Metomy HeioToHa 3i
3MIHHHM KpOKOM (15) Ha ocHOBIL
MeTOoAy HAlMIIBHANIOTO CIIYCKY

10%

s HiHH
Puc. 5. lopiBHsutbHUE aHATI3 PO3TIIIHYTHX METO/IIB HA MTOCTaBJICHIN 3a1a4l
3a KpUTEpieM KUIbKOCTI BUKIUKIB npolieaypu po3B’a3Kky 13T 3 Hyab0BUM HaOIMKEHHSIM J10

[I0YaTKOBO1 YMOBH
BincoTok KiIbK0CTI BHKIHKIB
nponenypn II3T Bix MmakcaMaabHoY KiTbKOCTI
¥ KIacaanomy Metoni HeloTtona

100%
100%
b Knacuunuit Metoa HeroToHa
90%
80%
NMogudikauiz meroay HeioToHa 31
g 700 3MIiHHEM KpokoM (13)
&
g 0% . .
=) = Mogudixamia meroxy HproToHa 31
g 50% 3MIHHHEM KpokoM (14)
-]
£ 40% i3 :
] = Mopudixamis meroay HproToHa 31
7 300% IMIHHEM KpokoM (15)
20.85% 19.75%
0, 1270
20% g e i mibran ™ .
: x 11.46% L c_);mcbuca];m metofty HyroTona 31
10% (333isiaase 3MIHHHEM KpoKoM (15) Ha ocHoOBI
\\ | MeToy HaHIMIBHIIIOIO CIIyCKY

0%
Puc. 6. llopiBHsuTbHUI aHATI3 PO3TISHYTHX METOIIB HA MTOCTABJICHIN 3a1a4l
3a KpUTEpieEM KUIBKOCTI BUKIIUKIB npo1ieaypu po3B’a3ky 13T 3 nabnmxeHHSIM
710 IOYAaTKOBOT YMOBH 3a J0NOMOroo psany @yp’e [4] (4 uieHu po3kiany B psija)
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3aoaua 2. 3naiiTi rinobanbHUN MIHIMYM (QYHKIIOHAITY:

2

oT (0, x, :
J(Q(y))zj' M —(E)(y) dy — min, (20)
r Ox r
ne
9( y) — IIyKaHa 3O0BHINIHS T'paHWYHA YMOBA JPYroro pojy IpaBOi YacCTHHH

PO3paxyHKOBOI 001acTi;

T(0,x,y) — mykanuii po3B’s30K 3a1adi;

I', — rpaHung, Ha sAKii NOTPIOHO 3HANTH PO3MOJUT TEMIEPaTypHu — L€ IpaBa 30BHILIHS
rPaHHIL PO3paxyHKoBoi 06macti st y € (0.2;0.8);

©(y) — 3amannii TemIepaTypHHii MOTIK Ha NpaBill YaCTHHI PO3paxyHKOBOi o6macti I, .

JHonatkoBe oOmexeHHs uist (20) y Buriisial AudepeHnianbHOro piBHAHHS Ma€ BUTIIS!

V(kVT)=-f,
T’ +sin(T]+2
k:k(T): 100 ’ (21)
100

1= F(x2)=10((x=1)" +(y=1)"),

MIPUYOMY pPO3paxyHKoBa 00sacTh 2 A piBHSAHHS (21) 300paxeHa Ha PUCYHKY 7:
PospaxynkoBa obGmacTe 3amadyi, sika 300pakeHa Ha PHUCYHKY 7, MpEACTaBisie cO0O0I0
MPSIMOKYTHUK PO3MipoM 2x1, JliBa HIDKHSI BEPIIMHA SKOTO JISKHUTH y MOYaTKy KOOpAWHAT. 3

NPSIMOKYTHUKA BUPI3aHO MaJU NPSIMOKYTHHUK po3MmipoM 1x0.5 3 ieHTpoM y TouIll (1;0.5) Ta

YOTHUPH YETBEPTHHHU KU pajiycoM 0,2 3 IEeHTpaMu y BEpIINHAX BEJUKOIO MPSIMOKYTHHKA.

CiTxa po3paxyHkosoi odaacti sagaui

VA
Al

7 7

0.9

X

SR

0.8

0.7

0.6

= 0.5

INININTN
K\I\I\

0.4

0.3

KK

0.2

RS

RS

K

0.1 \ \ Y, A

>

KN

0
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 L3 2
X

Puc. 7. Po3paxyHkoBa o0acTh 3a7a4i 13 TpiaHTyJIALIEI0 HA HIN:
932 By3nu; 1680 eneMeHTiB; 184 rpaHUYHUX €IEMEHTIB
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I'pannyni ymoBu (21) MarOTh HACTYMHUM BUTIISL;

oT oT
T|ril7side - 50, T~ - 0’ A = ®(y)’ (22)
an Coussiae\1 an )
ne I', ., — BCS BHYTPINIHA IPaHHULA PO3paxyHKoBoi oonacti, I’ ., — BCA 30BHINIHA MPaHHLS

pO3paxyHKOBOi 001acTi, # — HOpPMalb JI0 30BHINIHBOI rpaHuul oOmacti, [, — BHyTpiIHA
IpaBa IpaHUIIsl BUPI3aHOTO MPSIMOKYTHHKA y PO3PaxyHKOBIHM obacti 2.

Pe3ynbraTy yncenbHUX EKCIIEPUMEHTIB HaBeAECHO Ha puc. 8-13.

Po3paxoBanuii po3nojin TemMneparypH Ha npasii rpannui pospaxynkosi odaacri.
IMopiBuanns 3 Bi1oMHM YHCEILHHM PO3B'A3KOM IOCTABJAEHOT 3a1a4i
T T T 1
®  Yycennuuii po3s'aiok aaayi
— Bigomuii po3s'szok 3agaui

442 :

43.8

43.6

T(2.y)

434

43.2

439

428 L L L L L
0.2 0.3 0.4 0.5 0.6 0.7 0.8
v
Puc. 8. Pe3ynbraT 3Hax0)KEHHSI 30BHIIIHBOT TPAaHUYHOT YMOBH Ha MpaBiil 4acTUHI
PO3paxyHKOBOT 001acTi

PO}anOBaIIB TeMIleparypHe noJje 3aaa4i
3 BHROPHCTAHHAM MeTOIY CKIHUeHHHX eJIeMeHTIiB

148

< 46

50
45 “
40 . R
‘!'
— KX 40
30
) . 38
0.8 36
-
0.6 2 34
0.4 LS
‘ 32
02
" ™. -
Y > 05 30
0 0 X

Puc. 9. Po3zpaxoBaHe TemnepaTypHe oJie IpH BIIHOBJIEHINA IpaHUYHIA YMOBI
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I'padix ainiii piBHA TeMmepaTypHOro moJis 3ajawi

1
0.8
0.6
0.4
0.2
0
0 0.2 04 0.6 08 1 12 14 1.6 18 2
X
Puc. 10. IlpencraBiieHHs TeMIepaTypHOTO MO Y BUTJIA1 JIIHIN piBHS
E zf‘pat])iqlle npegcraeaenns 30ixnocti Meroga Helorona Ta orpuManux Moaudgikanii
= T T T T T T T T T T
= +I{Jlacuq|mﬁ merol HuioTona
g +Mn,u,ur]:i|cal.[in mero a Heorona 3i sMinuuM Kpokom I1k (13)
= . . PR S
g E 1wl -‘-Mnnm])maum meroa Helorouna 3i sminnum kpoxom h (14) |
=2 3 *Munuq:uiuauin meroaa HeoToHa 31 3SMIHHHM KpoKoM hk (15)
E[ Z Moandikauis Meroaa Helorona 3i SMiHHHM KpoKoM hk (15)
)
= 3 BHKOPHCTAHHSM MeTOAY HAHRIIBHIION0 CITy CKY
g
=%

ImyKkamoro

3navenng MAKCHMATLIIO]

Homep iTepauii
Puc. 11. IlopiBHsubHMM aHAMI3 pOOOTH AITOPUTMIB 32 KpUTEPIEM 30DKHOCTI
BigcoTok KidLKoCTIi BHKIHKIB

nponenypu 13T Bin MmakcumaabHOl KiThKOCTI
vy kI1acauHoMy Metodi HeioTona

100% 100%
B '
i Koracaunni Meton HeroToHa
90%
80%
NMomudikania Merony HeroToHa 31
3 0% 3MIHHEM KpokoM (13)
E 60% 56,0304 ) ) )
_E 52.05% e = Monudikamia metoay HeroToHa 31
E 50% \\‘ 45:73% 3MIHHHEM KpokoM (14)
= a
W : !
5 40% oo . . 3
= 1 g = Momudixamia meroxy HeroToHa 31
M 30% E 28, 14% 3MIHHHEM KpOKOM (15)
20% . ’ >
; i *tMonndikania MeTony HeroToHa 31
10% 3MIHHEM KpokoM (15) Ha ocHOBL
MeTO/ly HAHIIBHIINOIO CIYCKY
0%

Puc. 12. TlopiBHsUIbHMM aHAM3 pOOOTH AITOPUTMIB 32 KPUTEPIEM KUIBKOCT1 BUKIUKIB
nporueaypu po3B’s3ky [13T 3 HynTbOBUM HAOIMKEHHSM JI0 TPAHUYHOT YMOBH
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BigcoTok KiTbKOCTiI BHKIHKIB
nponenypu II3T Bin MmakcHEMaabHOT KLTBKOCTI

100% ¥y kaacauHomy MeTodi HeroTona
0
100% -

E & Knacuunuii Meton HeroToHa

90%

80%

NMogudikania Meroxy HeroToHa 31
e IMIHHHEM KpokoMm (13)

60%

= Moaudikania Merony HeroToHa 3i
50% 3IMIHHHM KpokoM (14)

40%

3HA'eHHA BiICOTKA

= Moaudikania Merony HeioToHa 31
IMIEHHM KpokoM (15)

30%

=l

17.32% 18.64%

mae
=
¥
-
E

20% . x n s Momudyikamia Metony HeroToHa 3i
10% \ ‘ ".?;3_8;./'_)" 3MiHHHM KpokoM (13) Ha ocHOBI
.:::f::::::i MeTOAy HAHIIBHIIIOTO CIYCKY
0% S
Puc. 13. TlopiBHsuIbHMIM aHAMI3 pOOOTH AITOPUTMIB 32 KPUTEPIEM KUIBKOCT1 BUKIUKIB
nporeaypu po3B’s3ky [13T 3 BiImoOBiIHUM PO3KIIaIOM TPAHUYHOT YMOBH 32 TTOBHOIO
CUCTEMOIO TPUTOHOMETPUUHUX QYHKIIH (4 WieHU pO3KiIany B psl)

//

Ha ocHoBI oTpuMaHux pe3yabTaTiB MOKHA CTBEp/UKYBATH, 10 Mojau(ikaiii METOodIB
Herotona (13)-(15) mpamroroTe Ha HEMIHIMHUX 3a/adax Ha MONIYK TPAHUYHUX YMOB 3HAYHO
edekTuBHIIIE, HDK KIacuuHuil Mmetoa HproToHa.

Temnep po3rasiHeMO HACTYIIHY 3a/1a4y Y TaKiid MaTeMaTHYHIA TOCTAHOBIII.
3aoaua 3. 3naiiTi rinobanbHUN MIHIMYM (QyHKIIOHATY:

B(x y) :jj( T(0,x,y,t ) Tm (x,y))2 dxdy — min, (23)

ne
T(@,x,y,tf) — PO3B’SI30K 3ajadi,
O(x,y) — mykanmii posmomin  KoedilieHTa TeMIEPaTYpOIpPOBiTHOCTI y  BCiid
pPO3paxyHKOBIM o0mactTi (OQUHUYHUN KBaJpaT 3 TMOYATKOM KOOPAMHAT Y JIiBiH
HUKHIM HOro BepILNHI);

T (G,x, y,t f) — pO3paxoBaHe TeMIIEpaTypHE I0JIe y MOMEHT 4acy f, PO3B’s30K 3aja4i;

T

" (X,¥) — po3moin TemMmepaTypu Ha BCiil po3paxyHKoOBiii 06macTi 3axadi.

or o oT 0 oT
= 9 ’ aT_ ~ 9 5 aT_ ’
or ﬁx( .y )ﬁx]-'_@y Tl Jo

2.2
f(xy)= 4nt cos (2rtx) ——3mysin(3xty) - 2nxsin(27ix)+
(cos(27rtx)+cos(3my)) +1
27t (cos(2mx) + cos(3ﬂty))(4 sin” (27#x) +9sin’ (37rty))
+ b

((cos(me) + cos(37tty))2 + 1)2
(x.y)el0:1F,t€[0,t, |,¢, =05

(24)
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[TouaTkoBa ymMOBa Ma€ BUTJISA:
T(x,y,0)=2. (25)
['pannyHi yMOBH 331241 MalOTh HACTYIHUI BUTJIS;

T(x,0,t) =1+cos(27xzx), T(x,1,¢) = cos(27x) +cos(37t),

26
T(0,y,1) =1+cos(3xty), T(1,y,1) = cos(3xty)+cos(27t). (26)
JonatkoBa ymoBa y MoMeHT Hacy £, =0.5:
3
T(x,,0.5)=T,, (x,y)=cos(7x)+cos S (27)

Pe3ynbTaTy yncenbHUX €KCIIEPUMEHTIB HaBeAeHO Ha puc.14-21.

Poznoain anauens koedinienrta remmneparyponposianocri k(x,y)
¥y MoMmenT uacy 7=0.1

0.32

0.28

Kk(x,y,0.1)

1 0.22

0.2

y L %

Puc. 14. BinHoBienuii po3noaiut koedimieHTa TeMIIepaTypoOIpOBIIHOCTI Y MOMEHT dacy ¢=0. /

Po3noain 3uauens koedinicnra remneparyponposiznocti k(x,y)
¥ MoMenT dacy 7=0.2

10.9

10.8

0.6

0.4

0.3

0.2

y 0 0

Puc. 15. BinnoBneHuil po3noiut koedilieHTa TeMIepaTypopOBIAHOCTI
Y MOMEHT 4acy ¢=0.2
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Posnoain snavens koedinienra remneparyponposignoceri k(x,y)
y MomenT uacy 7=0.4

0.9
0.8
- 0.7
=5
= T
P B
w 2 0.6
=z
0.5
0.4

0.3

0.2
¥ LA

Puc. 16. BignoBnenuit po3mnoin koedilieHTa TeMIIepaTyponpoBIAHOCTI Y MOMEHT 4acy t=0.4

Posnoain Temnepatypn T(x,y)
y MomeHT yacy 7=0.1

T(xy,0.1)

.8 0.6 0.5 0.4 0.3 0.2 0.1 00 0.2 X

Puc. 17. Po3paxoBaHe TeMIiepaTypHe 10 Y MOMEHT 4Jacy t=(./ Ha OCHOBI BiTHOBJIEHOI'O
Koe(ilieHTa TeMIepaTypornpoBiJHOCTI

Posnoain remmepatypu T(x,y)
y MoMeHT yacy 7=0.2

0.6

0.4

0

0.8 0.6 0.4

0.4 0.3 0.2 0.1 00 0.2
X

Puc. 18. Po3paxoBaHe TeMIiepaTypHe IojIe Y MOMEHT 4Jacy t=(.2 Ha OCHOBI BITHOBJIEHOI'O
KoedilieHTa TeMIepaTypornpoBiJHOCTI

X
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Posnoain remnepatypn T(x,y)
y MoMenT qacy 7=0.4

T(xy.0.4)

] -1.5
2 ——ﬁﬁﬁﬁﬁﬁ%ﬁﬁ—'/l
109 08 07 06 05 0.5
0. 0.4 v 0.3 0.2 0.1 00 5
Puc. 19. Po3paxoBaHe TeMIiepaTypHe Iojie Y MOMEHT 4Jacy t=(0.4 Ha OCHOBI BITHOBJICHOI'O

KoedilieHTa TeMIepaTypornpoBiJHOCTI

BigcoTok KLTEKOCTI BHKIHKIB
nponenypu II3T Bix makcEMaIbHOI KLIBKOCTI

¥ kiIacauHoMy MeToni HrloToHa
100%

100%

+
ol ki Kmacuunnii MeToq HproTOHA

90% EE

80% - e

N Moandikania merogy HeioroHa 31
% IMIHHHM KpokoM (13)

60%

&= Moaudikanis meroxy HeioToHa 31

3HaveHHA BiICOTKA

50% IMIHHHM KpokoM (14)

40% SR .
i = Moaudikanis meroxy HeioToHa 31

30% IMIEHHM KpokoM (15)

20.78% 20.91% 18.93%

20%

Puc. 20. TTopiBHsUTbHMIA aHAII3 POOOTH KOXKHOTO METO/Y 38 KPUTEPIEM KUTbKOCTI
BUKJIMKIB mponenypu po3s’si3ky [13T

12,48% ¢t Mozandikauia meroay HeroToHa 31
IMIEHHM KpokoM (13) Ha ocHOB1
METOY HANIBH/IIOTO CIYCKY

[lin ywac TecTyBaHHS METOJIB CIiJl 3a3HAYWTH, IO 3HOBY X MOIU(IKAIli METOIB
Herotona (13)-(15) mpamtoroTs Ha  HENHIMHUX — 3aJadax MOWIYKY  KoedilieHTa
TEIUIONPOBITHOCTI 3HAYHO edeKTHBHIIE, HDK KiaacuuHuil meton Herotona. TectyBaHHs
meroaiB (13), (14) 1 (15) 6yno mpoBeaeHO Ha PI3HUX HENIHIMHUX 3a/ayax, y TOMY YHUCI1 Ha
3amauax (16)-(19), (20)-(22) 1 (23)-(27). PosrusiHyTi Y po0OTI 3aBHaHHs Oynu BHUpIICH] Ha
CITKax pI3HOT PO3MIPHOCTI. Y KOXHOMY pa3l NpU BUPILIEHHI JaHUX HENIHIHHUX 3a1a4y
HalOUIbIIe BUKIMKIB (yHKIIIT Mae Mmeton HeroToHa. [ KOKHOTO 3aBIaHHS YMCIIO BUKIIUKIB
GyHKIIIT Ipy BUPIIIEHH] JaHUM MeToAoM Opaiock 3a 100%.

BucHoBku

Ha ocHOB1 oTpuMaHUX pe3yabTaTiB MOXHa CTBEPHKYBaTH, L0 3MIHHHUI KPOK Mij yac
MiHIMI3alil KBaJpaTuyHOTo (yHKIioHaNy noAiOHux HeniHiiHuX O3T € HeoOX1AHOI YMOBOIO
3MEHILEHHS 3arajibHo1 KUIbKOCTI BUKJIMKIB npouenypu po3s’s3ky II3T. TecryBanHs meroniB
(13), (14) Ta (15) Oynmo BMKOHAHO Ha PI3HUX JBOBUMIPHHX 3amadax. [lokazaHo moMmiTHE
MPUCKOPEHHS PO3PaXyHKIB y MOPIBHSAHHI 3 KJIJACHYHUM MeToJIoM HproToHa.
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CnucoK BUKOPHCTAHOI JiTepaTypu:

1. Klibanov M.V. Approximate Global Convergence and Adaptivity for Coefficient Inverse Problem./ M.V.
Klibanov, L. Beilina. — USA.: Springer, 2012. — 407p. ISBN 978-1-4419-7804-2.

2. Isakov V., Inverse Problems for Partial Differential Equations. / V. Isakov. — USA.: Springer, 2005 — 40p.

3. Truffart, B. A General Optimization Algorithm to Solve 2-D Boundary Inverse Heat Conduction Problems
Using Finite Elements. / B. Truffart, Y. Jarny, D. Delaunay. First International Conference on Inverse
Problems in Engineering: Theory and Practice, Palm Coast, FL, pp. 53-60, 1993.

4. TonoBusa B.II. «IIpo omuH MeTOm 3HAXOMKCHHS YHUCEIBHOIO PO3B’SI3KY JBOBHMIPHOI OOCpHEHOI 3amadi
teronposigHocti» B.I1. T'onosws, B.B, Xaiinypo // HaykoBwuii xxypHai. Bicauk Yepkacbkoro nep>kaBHOTO
TexHonoriuHoro yHiBepcurery. Cepisti: Texniuni Hayku. 2015. — Yepkacu. — c. 49-55.

5. Tonosus B.I1. «D¢ddexTrBHBIE METOBI pellIeHNs] HETMHEHHBIX 00paTHBIX 3324 TermonpoBoaHocTiy. b. I1.
Tonornst, B. B. Xaitnypos // HaykoBuii xypHai. BicHuk Uepkacbkoro yHiBepcuteTy. Cepis: MpHKIIaIHA
mareMatuka. 2014. — Yepkacu. — c. 87-98.

6. XaiinypoB B.B. «EdexTuBHI MeETOIM YHCEIBHOIO PpO3B’SI3KYy TOYKOBUX OOEpHEHHMX  3ajad
teruionposigHocti». B. B. Xaiinypos // HaykoBuit xxypHan «Monoaunii BueHuii». Cepist: TEXHIYHI HayKH.
2016. — Ne6 (33). Xepcon. — c. 49-55.

7. ManeButsiii  FO.M. OOparHble 3amaud TEIUIONPOBOAHOCTH: B 2 Tomax. Tom 2: I[lpunoxenus /
IO.M. Manesutsiit. — K.: HAH Yxkpaunsl, MacTUTYT Ipobiiem mammHoctpoeHust uM. A.H. Iloxrophoro,
2003.

References:

1. Klibanov M.V. Approximate Global Convergence and Adaptivity for Coefficient Inverse Problem./ M.V.
Klibanov, L. Beilina. — USA.: Springer, 2012. — 407p.

2. Isakov V., Inverse Problems for Partial Differential Equations. / V. Isakov. — USA.: Springer, 2005 — 40p.

3. Truffart, B. A General Optimization Algorithm to Solve 2-D Boundary Inverse Heat Conduction Problems
Using Finite Elements. / B. Truffart, Y. Jarny, D. Delaunay. First International Conference on Inverse
Problems in Engineering: Theory and Practice, Palm Coast, FL, pp. 53-60, 1993.

4. Golovnya B.P. «Pro odyn metod znakhodzhennya chyselnoho rozv"yazku dvovymirnoyi obernenoyi
zadachi teploprovidnosti» B.P. Golovnya, V.V, Haydurov // Naukovyy zhurnal. Visnyk Cherkas’koho
derzhavnoho tekhnolohichnoho universytetu. Seriya: tekhnichni nauky. 2015r. Cherkasy, Ukrayina. c. 49-
55. (in Ukr)

5. Golovnya B.P. «Effektyvnye metody reshenyya nelyneynykh obratnykh zadach teploprovodnosty». B. P.
Golovnya, V. V. Haydurov // Naukovyy zhurnal. Visnyk Cherkas'koho universytetu. Seriya: prykladna
matematyka. 2014r. Cherkasy, Ukrayina. s. 87-98. (in Ukr)

6. Haydurov V.V. «Efektyvni metody chysel'noho rozv"yazku tochkovykh obernenykh zadach
teploprovidnosti». V. V. Haydurov // Naukovyy zhurnal «Molodyy vchenyy». Seriya: tekhnichni nauky.
2016r., Ne6 (33). Kherson, Ukrayina. c. 49-55. (in Ukr)

7. Matsevytyy Yu.M. Obratnye zadachy teploprovodnosty: v 2 tomakh. Tom 2: Prylozhenyya /
Yu. M. Matsevytyy. — K.: NAN Ukrayny, Ynstytut problem mashynostroenyya ym. A.N. Podhornoho,
2003. (in Rus)

GOLOVNYA Boris,
The Bohdan Khmelnytsky National University of Cherkasy, Doctor of Science, Chair of Department
of Applied Mathematics and Informatics
HAYDUROY Vladyslav,
Kyiv International University, lecturer of the Department of Computer Science
SOME HIGH-SPEED METHODS FOR SOLVING NONLINEAR INVERSE HEAT
CONDUCTION PROBLEMS

Abstract. In the article a numerical analysis of a series of methods of unconditional
optimization on nonlinear problems was carried out, which enable to reduce the time of searching for
a numerical solution of a large class of nonlinear IHCP. Also in the work, we proposed significant
modifications of the classical Newton method, which give an opportunity to obtain the desired
numerical solution of nonlinear problems much faster than in the classical Newton method.
Modifications of the Newton method with an alternating step give much faster convergence and give
the opportunity to obtain fairly fast solutions of nonlinear IHCP.

Introduction. Experimental methods for the study of thermal processes and their systems are
the most reliable source of information about the thermal state of the object [7]. Of particular
importance there are the theory and practice of solving the inverse problems in our time, when, due to
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the circumstances, the objects of energy, industry, transport, economy, communications, buildings and
structures have worked out their planned resource and need to avoid man-made disasters, namely
need urgent renovation, modernization and reconstruction. The first step in implementing the program
of reconstruction of the above objects is the diagnosis of their technical condition and determination
of the residual resource, that is, the time during which this object can operate reliably and effectively
without endangering people's lives and the environment. When conducting a diagnosis, the direct
determination of the parameters limiting the reliable operation of the object is complicated, and often
simply impossible. Therefore, as a rule, these parameters are judged by the results of indirect
measurements, that is the prerogative of inverse tasks. Thus, the theory and practice of solving the
inverse problems lie at the basis of the diagnostics of the technical condition, which requires further
research on the development of methods for solving these problems, effective algorithms and software
products.

The main problems in solving applied inverse heat conduction problems (IHCP) include the
correctness of the statement of the problem, the time of the solution of systems of algebraic equations
for the discrete analogue of the heat conduction equation, the volume of computations during the
optimization of the quadratic functional in inverse problems (the number of calculations per iteration),
stability and convergence of unconditional optimization methods.

It is known that the numerical solution of linear problems of direct and inverse thermal
conductivity is obtained much faster than nonlinear problems, since a discrete analog of linear
problems requires solving a linear system of equations, and for nonlinear ones it is nonlinear [1; 5;
7]. When finding a numerical solution of nonlinear problems, a number of problems arises in solving
the problems.

Most modern methods and algorithms for solving applied problems, which are reduced to the
solution of inverse heat conduction problems, use the multiple challenge of the procedure for solving
the direct heat conduction problem (DHCP). Therefore, it is obvious that one of the most effective
ways to significantly reduce the search time for a numerical IHCP solution is to reduce the time of the
DHCP solution for the corresponding IHCP [4, 5]. In the classical statement of incorrect tasks,
including IHCP, there is a quadratic functional that needs to be minimized. Therefore, the
modification of existing methods of unconditional optimization of the corresponding quadratic
functional is no less effective way of accelerating the solution of IHCP, in particular nonlinear ones.

For linear and nonlinear IHCP, the number of calls for a procedure for solving DHCP for one
iteration during the application of gradient methods is proportional to the number of desired
parameters of the IHCP to be solved. As the dimension of the task grows, the number of calls for the
DHCP procedure increases. If, for example, a two-dimensional IHCP to restore the initial
temperature distribution of the considered area [4] is solved on a grid of 34x34 (with boundary
nodes), the number of calls to the DHCP 32° solution procedure. If this same two-dimensional
problem is solved on the 66x66 grid (with boundary nodes), then the number of calls for the procedure
for resolving DHCP 64°, etc.

Purpose. Development of numerical methods that reduce the number of calculations for
obtaining a solution of nonlinear inverse heat conduction problems and approbation of these methods
for specific problems.

Results. When testing methods, it should be noted that again, the modifications of Newton's (13)
- (15) methods work on nonlinear problems in finding the coefficient of heat conductivity much more
efficiently than the classical Newton method. Testing of methods (13), (14) and (15) was carried out
on various nonlinear problems, including problems (16) - (19), (20) - (22) and (23) - (27). The
problems considered in the work were solved on grids of different dimensions. In any case, when
solving data of nonlinear problems, the greatest function calls are Newton's method. For each task,
the number of function calls in solving this method was taken 100%.

Conclusions. On the basis of the obtained results it can be argued that an alternating step
during minimization of the quadratic functional of similar nonlinear IHCP is a necessary condition for
reducing the total number of calls to the DHCP procedure. Testing methods (13), (14) and (15) were
performed on various two-dimensional problems. A marked acceleration of calculations compared
with the classical Newton method is shown.

The correctness of the formulation of the problem, the time of solving algebraic equations for a
discrete analogue of the heat equation, the amount of computation for the optimization of a quadratic
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functional in inverse problems (the number of calculations per iteration), the stability and
convergence of unconditional optimization methods are among the main problems of solving inverse
heat conduction problems. In this paper, a numerical analysis of a series of methods of unconditional
optimization on nonlinear problems that enable us to reduce the time for searching for a numerical
solution of a large class of nonlinear inverse heat conduction problems is carried out.

Key words: inverse heat conduction problem (IHCP), direct heat conduction problem (DHCP),
unconditional optimization methods, quadratic functional.
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